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a b s t r a c t
In this paper we investigate an isomorphism σ between a directed
de Bruijn digraph B(2, n) and its converse, which is the digraph
obtained from B(2, n) by reversing the direction of all its arcs.
A cycle C is said to be σ -self-converse when the cycle σ(C)
coincides with its converse. We determine a characterization of
σ -self-converse cycles, distinguishing the cases of n even and
odd. Moreover we prove that, for n even, there does not exist a
Hamiltonian σ -self-converse cycle, while, for n odd, we determine
a constructive proof of the existence of a similar cycle. Finally we
prove that for every n there exists only one σ -self-converse cycle
of length 4.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let G be a digraph, V (G) its vertex set and A(G) the set of its arcs. An arc from the vertex x to the
vertex y is denoted as (x, y); in this case y is said to be a successor of x and x a predecessor of y.
A directed path of G is a sequence P = (x1, . . . , xn) of distinct vertices of G such that (xi, xi+1), for
1 ≤ i ≤ n− 1, are arcs of G. The number n− 1 of these arcs is the length of this directed path.
When (xn, x1) is an arc, P is a directed cycle of length n.
Form, n ≥ 2, Znm denotes the set of all n-ples (a1, a2, . . . , an)where ai ∈ {0, 1, . . . ,m− 1}.
The de Bruijn digraph B(m, n) is the digraph whose vertex set is Znm and whose arcs are the pairs
((a1, a2, . . . an), (b1, b2, . . . , bn)) such that
a2 . . . an = b1 . . . bn−1.
Recall that B(m, n) is a strongly connected regular digraph of degreem and diameter n.
In this paper we will deal essentially with the case of m = 2; for simplicity B(2, n) is denoted as
Bn.
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Two vertices v and w of a directed cycle C of length 2t are said to be opposite when the path,
contained in C , from v to w has length t . In a similar way two arcs (v1, w1) and (v2, w2) of C are
opposite if v1 and v2 are at distance t in C .
Define 1n = (1, 1, . . . , 1) and 0n = (0, 0, . . . , 0); also in a more general context we define arbscq,
where a, b, c are different elements of the set {0, 1} and r+s+q = n, the sequence a . . . ab . . . bc . . . c
where the elements a, b, c occur r, s, q times respectively.
2. Isomorphism with the converse
The converse of a digraph G is the digraph G¯ such that V (G¯) = V (G) and A(G¯) = {(v,w) | (w, v) ∈
A(G)}. Recall that a digraph G is said to be isomorphic to a digraph H if there exists a bijection f from
V (G) into V (H) such that for every (v,w) ∈ A(G), (f (v), f (w)) ∈ A(H). In the case in which H = G
and such an isomorphism f exists, then G is said to be self-converse; if we want to emphasize the
isomorphism we may also say f -self-converse.
Consider the function σ : V (Bn)→ V (Bn) such that for every (a1, a2, . . . , an) ∈ V (Bn),
σ (a1, a2, . . . , an) := (an, an−1, . . . , a1), (1)
where a := {0, 1} \ {a}, for every a ∈ {0, 1}.
Clearly σ turns out to be an involution of V (Bn).
Lemma 1. For every arc (a, b) of Bn, (σ (b), σ (a)) is an arc of Bn too; this implies that Bn is σ -self-
converse.
Proof. Let be a := (a1, a2, . . . , an) and b := (b1, b2, . . . , bn) be two vertices of Bn. If (a, b) ∈ A(Bn),
then
(b1, b2, . . . , bn−1) = (a2, a3, . . . , an). (2)
This implies (bn−1, . . . , b2, b1) = (an, . . . , a2); thus (σ (b), σ (a)) ∈ A(Bn), and then (σ (b), σ (a)) ∈
A(Bn) and consequently Bn is σ -self-converse. 
Definition 1. We call a vertex v = (a1, a2, . . . , an) of Bn σ -fix, or simply fix, if
σ(a1, a2, . . . , an) = (a1, a2, . . . , an). (3)
In other words the vertex (a1, a2, . . . , an) is σ -fix if for every i ∈ {1, 2, . . . , n}
ai = an−i+1. (4)
If n is odd, say n = 2k + 1, k ≥ 1, (4) implies the impossible relation ak+1 = ak+1; thus there are
no σ -fix vertices when n is odd. When n is even, say n = 2k, because ai may assume only two values,
the following lemma holds.
Lemma 2. If n is odd, Bn has no σ -fix vertices. If n is even, say n = 2k, Bn has 2k σ -fix vertices.
Example. The σ -fix vertices of B4 are (0, 0, 1, 1), (0, 1, 0, 1), (1, 0, 1, 0), (1, 1, 0, 0).
Definition 2. An arc (a, b) of Bn is called crossing if b = σ(a).
Lemma 3. For n even, Bn does not contain a crossing arc.
Proof. Let n = 2m,m > 1. Suppose that there exist a1, a2, . . . , a2m, b ∈ {0, 1} such that v1 :=
(a1, a2, . . . , a2m) and v2 := (a2, a3, . . . , a2m, b) form a crossing arc. This means that v1 = σ(v2), that
is
(a1, a2, . . . , a2m) = (b, a2m, a2m−1, . . . , a2).
This implies that for every i ≤ 2m− 2 we have a2m−i = a2+i; then in the particular case of i = m− 1,
we obtain am+1 = am+1, which is a contradiction. Thus σ(v1) 6= v2. 
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3. σ-self-converse cycles
Let C = (v1, v2, . . . , vm) be a cycle of Bn; the converse of C is the cycle C = (v1, vm, vm−1, . . . , v2).
Moreover (σ (v1), σ (vm), . . . , σ (v2)) is a cycle, denoted as σ(C).
Definition 3. Let C be a cycle of Bn; C is said to be σ -self-converse, for short σ -s.c., if σ(C) = C .
Example. Let us have in B3 the cycle C = (v1, v2, v3, v4, v5, v6), where v1 = (0, 1, 0), v2 = (1, 0, 1),
v3 = (0, 1, 1), v4 = (1, 1, 0), v5 = (1, 0, 0), v6 = (0, 0, 1).
Applying σ to the vertices of C , we get σ(C) = (v2, v1, v6, v5, v4, v3). We obtain that σ(C) = C;
therefore C is σ -self-converse.
A first consequence of the definition is that V (σ (C)) = V (C). With a σ -self-converse cycle
C := (v1, v2, . . . , vr) of Bn we associate a permutation in the following way.
Let σ(v1) = vj, where j ∈ 1, . . . , r . Because (v1, v2) and also (σ (v2), σ (v1)) are arcs of C , then
σ(v2) = vj−1. Continuing in this way we obtain the permutation of {1, 2, . . . , r}
φC :=
(
1 2 · · · r
j j− 1 · · · j+ 1
)
(5)
where all the integers are taken modulo r . From the definition of σ it follows that φC is an involution.
The bottom line of the above array turns out to be a row of the circulant matrix Ar = circ(1, r, r −
1, . . . , 2):
Ar :=
 1 r r − 1 · · · 3 22 1 r · · · 4 3· · · · · · · · · · · · · · · · · ·
r r − 1 r − 2 · · · 2 1
 . (6)
Example.
A5 =

1 5 4 3 2
2 1 5 4 3
3 2 1 5 4
4 3 2 1 5
5 4 3 2 1
 ,
A6 =

1 6 5 4 3 2
2 1 6 5 4 3
3 2 1 6 5 4
4 3 2 1 6 5
5 4 3 2 1 6
6 5 4 3 2 1
 .
Definition 4. A pair of consecutive elements (i, i + 1) of {1, 2, . . . , r} are said to be crossing when
φC (i) = i+ 1.
Distinguish the cases of r odd and even.
Let r be odd, say r = 2t + 1.
The first row of thematrix (6) corresponds to a permutation which has the element 1 fixed and the
pair (t + 1, t + 2) crossing.
For instance, for r = 5 the first row determines the permutation
φC :=
(
1 2 3 4 5
1 5 4 3 2
)
(7)
which has 1 fixed and (3, 4) crossing.
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Because the remaining rows are obtained from the first one by adding a positive integer and
reducing modulo r , we have that the permutations corresponding to the remaining rows maintain
the properties of having one fix element and a pair of crossing elements.
Let r be even, say r = 2t .
The permutation corresponding to the first row contains two fix elements, namely 1, t + 1, while
in the second row there are the pairs of crossing elements (1, 2) and (t + 1, t + 2). This situation is
maintained in the following rows; in particular the odd rows correspond to permutations having two
fix elements, while the even rows contain two crossing pairs.
These considerations agree with the fact that a directed cycle is changed in the converse by a
permutation of the vertices, which is a reflection with respect to an axis which crosses a vertex and
exchanges the vertices of the opposite arc for n odd, while, for n even, there are either two opposite
fix vertices or two opposite crossing pairs. Then, from Lemmas 2 and 3, we obtain the following
proposition.
Proposition 1. Let C be a σ -self-converse cycle of Bn of length r. Then r is even. Moreover,
1. for n odd, C contains two opposite crossing arcs and no σ -fix vertex,
2. for n even, C contains two opposite σ -fix vertices and no crossing arcs.
Proof. If n is odd, by Lemma 2 there are no σ -fix vertices; this implies that a possible σ -s.c. cycle C
has even length and contains two crossing arcs.
If n is even, by Lemma 3 there are no crossing arcs. Then a σ -s.c. cycle has even length and, in
particular, contains two σ -fix vertices. 
Corollary 1. For n > 2 even, Bn does not contain Hamiltonian σ -self-converse cycles.
Proof. It is an immediate consequence of the above proposition and Lemma 2. 
For n = 2 we have a Hamiltonian σ -self-converse cycle in B(2, 2) which is C =
((0, 0), (0, 1), (1, 1), (1, 0)). The σ -fix vertices are (0, 1) and (1, 0).
Two paths (w1, . . . , wr) and (z1, . . . , zr) of Bn are said to be σ -correspondent if zi = σ(wi), for
1 ≤ i ≤ r .
Proposition 2. For every n ≥ 2, Bn contains a σ -self-converse cycle of length 2n.
Proof. Consider the vertices v1 = 0n, v2 = 0n−11, . . . , vn = 01n−1. It is easy to see that the vertices
v1, v2, . . . , vn, v1, . . . , vn form a σ -self-converse cycle.
Moreover it is easy to see that, for n odd, the arcs (0t+11t , 0t1t+1) and (1t+10t , 1t0t+1) are crossing,
while, for n even, the vertices u = 0t1t and u¯ = 1t0t are σ -fix. 
4. Characterization of σ-self-converse cycles
First we will consider the case of n = 2m + 1 odd, m ≥ 1. Notice that the n-sequence associated
with every vertex contains a number of 0’s different from the number of 1’s.
Denote with M0 the set of vertices of B2m+1 in which the number of 0’s is strictly larger than the
number of 1’s; similarly M1 denotes the set of vertices in which the number of 1’s is strictly larger
than the number of 0’s.
Because n is odd, the pair (M0,M1) forms a partition of V (Bn). Moreover for all a ∈ M0, σ(a) ∈ M1
and vice versa.
Lemma 4. A vertex a = (a1, a2, . . . , an) of Bn is a predecessor of σ(a) if and only if n is odd and
ai = an+2−i, for 1 ≤ i ≤ n. Such a vertex belongs to M0 if and only if a1 = 0.
Proof. As σ(a) = (an, an−1, . . . , a1), then (a, σ (a)) is an arc of the digraph Bn if and only if
(a2, . . . , an) = (an, . . . , a2), that is ai = an+2−i, for i ≥ 2.
If n is even, say n = 2t , we obtain the impossible relation at+1 = at+1.
Thus n has to be odd.
Because, by the previous condition, in (a2, . . . , an) the number of elements 0 coincides with the
number of elements 1, we obtain that a ∈ M0 if and only if a1 = 0. 
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Example. Consider the De Bruijn digraph B3. Then
M0 := {(0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0)}
while
M1 := {(1, 1, 1), (0, 1, 1), (1, 0, 1), (1, 1, 0)}.
The arcs ((0, 1, 0), (1, 0, 1)) and ((1, 1, 0), (1, 0, 0)) are crossing.
Theorem 1. A cycle C of B2m+1 of length at least 4 is σ -self-converse if and only if there exist a positive
integer k ≤ 22m and a path in B2m+1
v1, v2, . . . , vk
without crossing arcs and σ -fix vertices such that (σ (v1), v1) and (vk, σ (vk)) are crossing arcs.
Proof. Let C be a σ -self-converse cycle of length at least 4 having two crossing arcs which we denote
as (v, σ (v)) and (w, σ (w)).
Consider the path
σ(v), . . . , w.
If the path were to contain a crossing arc then C would contain at least three crossing arcs and this
is a contradiction to Proposition 1.
On the other hand, if the length of the pathwere to be greater than 22m, then C would containmore
than 22m+1 vertices. Thus at least one vertex would occur more than once in C and this contradicts the
fact that C is a cycle.
Thus the given path is without crossing arcs and has length at most 22m.
We will construct a σ -self-converse cycle.
Because
σ(w), . . . , v
is a pathwithout crossing arcs too, we obtain that C = (σ (v), . . . , ω, σ (ω), . . . , v) is a cycle of length
at least 4. In particular, because σ(C) = C¯ , it is σ -self-converse. 
Remark 1. Theorem 1 states that once we have found a path
v, . . . , w
of length t, where 2 ≤ t ≤ 22m without crossing arcs but with (σ (v), v) and (w, σ (w)) as crossing
arcs, a σ -self-converse cycle of length 2t is determined. Moreover, for given t ≥ 2, every σ -self-
converse cycle of length 2t can be determined in this way.
Finallywemay notice that a cycle C of B2m+1 of length 2 is σ -self-converse if and only if there exists
a vertex v such that (v, σ (v)) and (σ (v), v) are both crossing arcs.
Now let n = 2m be even. A theorem analogous to the previous one can be proved in this case, with
the difference that the crossing arcs are replaced by σ -fix vertices.
Theorem 2. A cycle C of B2m of length at least 4 is σ -self-converse if and only if there exist a positive
integer k ≤ 22m−1 + 1 and a path in B2m
v1, v2, . . . , vk
without crossing arcs and with the unique σ -fix vertices v1, vk.
5. Line digraph
A useful transformation of a de Bruijn graph is given by the line digraphs [2]. Recall that for a
digraph G = (V , A), the line digraph LG has set of vertices V (LG) = {uv | (u, v) ∈ A} and set of
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arcs A(LG) = {(uv, vw) | uv, vw ∈ V (LG)}. Let Gk = LkG denote the k-iterated line digraph of G,
defined recursively as LkG = Lk−1(LG) for k ≥ 2 and L1G = LG. In [1] it was proved that a cycle C in
Bn becomes a cycle of the same length in LBn which turns out to be isomorphic to Bn+1. In particular
if C = (v1, v2, . . . , vr), where vi = (ai, . . . , ai+n−1), is a cycle of Bn, then LC = (v′1, . . . , v′r), where
v′i = vi−1vi = (ai−1, ai, . . . , ai+n−1).
Proposition 3. If C is a σ -self-converse cycle of Bn, then LC is a σ -self-converse cycle of Bn+1.
Proof. Let C = (v1, v2, . . . , vr) be a σ -self-converse cycle of Bn, where vi = (ai, . . . , ai+n−1); by
Proposition 1 the length r of C has to be even, say r = 2q. Moreover let LC = (v′1, . . . , v′r), where
v′i = (ai−1, ai, . . . , ai+n−1).
Let n = 2t be even.
Again by Proposition 1, C contains two opposite σ -fix vertices and no crossing arcs. Without loss
of generality we may assume that the σ -fix vertices are v1 and vq+1. By the condition that C is σ -self-
converse, we have
σ(vi) = vr−i+2,
where indices are modulo r . Thus we obtain that σ(vi) = ai+n−1, . . . , ai = ar−i+2, . . . , ar−i+1+n and
a similar relation for σ(vi−1). These relations imply σ(v′i) = ai+n−1, . . . , ai−1 = ar−i+2, . . . , ar−i+2+n.
Because the last sequence corresponds to the vertex v′r−i+3, we have obtained the relation
σ(v′i) = v′r−i+3.
This condition implies that the cycle LC of Bn+1 is σ -self-converse; the two crossing arcs are v′1v
′
2 and
v′q+1v
′
q+2. Now, let n = 2t + 1, t ≥ 1 be odd. A σ -self-converse cycle C ′, having length even, say
2m, and vertices v1, v2, . . . , v2m, contains two crossing arcs. Without loss of generality assume that
(v1, v2) and (vm+1, vm+2) are the crossing arcs. By considerations perfectly similar to the even case
ones, we are able to prove that C ′ is σ -s.c. with v′2 and v
′
m+2σ -fix vertices. 
6. σ-self-converse Hamiltonian cycles
By Corollary 1 we know that, for n > 2 even, Bn does not contain a Hamiltonian σ -self-converse
cycle. The situation changes in the case of n odd. Assume that n = 2t + 1, t ≥ 1.
Lemma 5. The vertices of M0 can be partitioned into disjoint cycles.
Proof. Let v1 = (a1, a2, . . . , an) be a vertex ofM0.
We denote by A1 the retrocirculant matrix
A1 :=
 a1 a2 · · · ana2 a3 · · · a1· · · · · · · · · · · ·
an a1 · · · an−1
 . (8)
By construction all rows have the same number of 1’s, say n1(v1). Denote by r the number of distinct
rows of A1 and by vj, 1 ≤ j ≤ r , the vertices corresponding to the first r distinct rows. It is easy
to see that each vertex vj is a predecessor of the consecutive vj+1 and vr is a predecessor of v1. As a
consequence these vertices form a cycle C1 = (v1, v2, . . . , vr).
Now, letw1 = (b1, b2, . . . , bn) be a vertex ofM0, which does not belong to C1.
Let A2 be the retrocirculant matrix associated with w1 and C2 the corresponding cycle. Because
(b1, b2, . . . , bn) is not a row of A1, then C2 is vertex disjoint from C1.
By repeating, if necessary, the procedure, the result holds. 
Recall the following lemmas proved in [3].
Lemma 6. Let there be m, n ∈ N∗, n ≥ 2, and a, b, c, d ∈ V (B(m, n)) such that (a, b), (a, d), (c, b) ∈
A(B(m, n)). Then (c, d) ∈ A(B(m, n)).
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Lemma 7. Let a, b be vertices of Bn, a, b 6= 1n, such that (a, 1n) and (1n, b) are arcs. Then a =
(0, 1, 1, . . . , 1), b = (1, 1, . . . , 1, 0) and (a, b) ∈ A(Bn).
The above lemma shows that, when a cycle contains 1n, its position is uniquely determined. A
similar result can be proved also for the 0n vertex.
Theorem 3. Let n be odd. Then Bn has an Hamiltonian σ -self-converse cycle.
Proof. Let n = 2t+1, t ∈ N∗. First wewill show the existence of a cycle D0 containing all the vertices
ofM0 and also the arc
(v, σ (w)),
where v = (0, 0, 1, 0, 1, . . . , 0, 1) and w = (1, 0, 1, 0, . . . , 1). Let v1 = (a1, a2, . . . , an) be a vertex
of M0, with n1(v1) ≤ t − 1 and a1 = an = 0 and A1 = [a1, a2, . . . , an] the retrocirculant matrix
associated with v1. Denote by r the number of distinct rows of A1 and by v1, v2, . . . , vr the vertices
which correspond to these rows and form the cycle C1.
Now, assume thatw1 = (a2, . . . , an, 1) is a vertex ofM0 which does not belong to C1. Consider the
retrocirculant matrix A2 = [a2, a3, . . . , an, 1] and the corresponding cycle C2 of length, say, s. If wi,
for 1 ≤ i ≤ s, are the vertices corresponding to the distinct rows of A2, thenws = (1, a2, . . . , an) and
such a vertex is a predecessor of v2 = (a2, . . . , an, a1), while v1 is a predecessor ofw1.
Nowwe replace the arc (v1, v2) by the path (v1, w1, . . . , ws, v2) and we obtain a new cycle which
contains all the vertices of C1 and C2.
We start by determining the cycle containing all the vertices having only one 1 and the vertex 0n.
Then using the previous procedure we obtain a cycle containing also all the vertices with two 1’s and
so on until we have a cycle D0 containing all the vertices ofM0.
Note that one successor of v is σ(w) and they are both in D0, while the other successor of v is in
M1.
Now consider the cycle D1 = σ(D0); clearly the vertices of D1 are all the vertices ofM1.
Notice that the vertex z1 = 0t+11t ∈ M0 is a predecessor of z2 = 0t1t+1 ∈ M1 and also a
predecessor of z3 = 0t1t0. Let u be the last vertex of D1 before z2. It is easy to see that u = 10t1t
and it is a predecessor of z3. Then we delete the arcs (z1, z3) and (u, z2) of D0 and D1 respectively
and, using the crossing arcs (z1, z2) and (u, z3), we form the cycle H = (z3,D0, z1, z2,D1, u) which is
Hamiltonian. As σ(H) = H , H turns out to be σ -self-converse. 
Example. AHamiltonian σ -self-converse cycle of B3 is obtained by consideringD0 = (000, 001, 010,
100) and D1 = σ(D0) = (111, 110, 101, 011). By using the crossing arcs (001, 011) and (101, 010)
we unify the cycles, getting the cycle
H = (000, 001, 011, 111, 110, 101, 010, 100) which turns out to be Hamiltonian and σ -self-
converse.
7. The σ-self-converse cycle of length 4
Theorem 4. For every n > 1, Bn contains only one σ -self-converse cycle of length 4.
Proof. Let C := (v1, v2, v3, v4) be a σ -self-converse cycle of length 4 of Bn, n > 1. Then there exist
ai ∈ {0, 1}, 1 ≤ i ≤ n+ 3, such that
v1 = (a1, a2, . . . , an),
v2 = (a2, a3, . . . , an, an+1),
v3 = (a3, a4, . . . , an, an+1, an+2),
v4 = (a4, . . . , an+1, an+2, an+3).
Since (v4, v1) is an arc we deduce
(a5, a6, . . . , an+3) = (a1, a2, . . . , an−1);
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more precisely ∀i ∈ {1, 2, . . . n− 1},
ai+4 = ai. (9)
Without loss of generality we may assume that a1 = 0.
Distinguish the cases of n odd and even.
1. Let n be odd.
By Proposition 1, C contains two crossing arcs; without loss of generality we may assume that
(v1, v2) is a crossing arc, i.e.,
v2 = σ(v1).
From here it follows that σ(v2) = v1. Thus
ai = an−i+2.
In the light of (9) it is enough to determine a1, a2, a3 and a4 to have the whole solution. On the
other hand, we get
a1 = an+1, a2 = an, a3 = an−1, a4 = an−2. (10)
Case 1: n ≡ 1(mod 4), that is n = 4t + 1, for t ≥ 1.
From the above relations we deduce
a1 = a2, a3 = a4, an = a1.
In other words the first four elements form the sequence (a1, a¯1, a3, a¯3). Because a1 = 0, we need
to determine only a3; we have the following possibilities:
(a) a3 = 0. Then v1 = (0, 1, 0, 1, 0, 1, 0, 1, . . . , 0).
It is immediate that
v2 = (1, 0, 1, 0, 1, 0, 1, 0, · · · , 1), v3 = (0, 1, 0, 1, 0, 1, 0, 1, . . . , 0),
and so v3 = v1. As the vertices are not distinct, this case does not lead to a solution.
(b) a3 = 1. Then v1 = (0, 1, 1, 0, 0, 1, 1, 0, . . . , 0). It follows further that
v2 = (1, 1, 0, 0, 1, 1, 0, 0, . . . , 1), v3 = (1, 0, 0, 1, 1, 0, 0, 1, . . . 1),
v4 = (0, 0, 1, 1, 0, 0, 1, 1, . . . 0).
This case yields a solution corresponding to the subsequence (0, 1, 1, 0).
Case 2: n ≡ 3 (mod 4). From (9) and (10) it follows that
a1 = a4, a2 = a3.
The sequence corresponding to v1 is obtained by repeating the subsequence: (a1, a2, a¯2, a¯1) and
terminating with the first three terms of the sequence. As in case 1 we may assume that a1 = 0;
thenwehave only to consider the sequences 0101 or 0011. The first case does not lead to a solution,
because we obtain a cycle of length 2, while the second case corresponds to a 4-cycle.
In conclusion, if n ≡ 3 (mod 4) there is only one cycle of length 4 in Bn obtained by repeating the
sequence (0, 0, 1, 1) and terminating with (0, 0, 1).
2. Let n be even.
By Proposition 1, C has to contain two σ -fix vertices. Without loss of generality we may assume
that v1 = σ(v1); this condition implies
a1, a2, . . . , an = an, an−1, . . . , a1; (11)
then
ai = an−i+1
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for 1 ≤ i ≤ n. Without loss of generality we may assume that a1 = 0 and from (11) we get
a1 = an, (12)
a2 = an−1, (13)
a3 = an−2, (14)
a4 = an−3. (15)
We have to distinguish now two cases.
Case 1: n ≡ 0 (mod 4). From the previous equalities we deduce
a1 = a4, a2 = a3 a4 = an.
Because a1 = 0 and a3 could assume only the values 0, 1 we obtain that the first four elements
could form the sequences (0, 1, 0, 1) and (0, 0, 1, 1); only the second one leads to a solution.
Case 2: n ≡ 2 (mod 4).
Then
a1 = a2, a3 = a4.
Following the above procedure we obtain the possibilities (0, 1, 0, 1) and (0, 1, 1, 0). Again only
the last case leads to a solution.
In conclusion, if n ≡ 2 (mod 4) there is only one cycle of length 4 in Bn, obtained by repeating
(0, 1, 1, 0) and terminating with the first two elements 0, 1.
Since all the cases lead to a single solution, the theorem is proved. 
For example the only σ -self-converse cycle of length 4 in B(2, n) for the first values of n is:
for n = 4: ((0, 0, 1, 1), (0, 1, 1, 0), (1, 1, 0, 0), (1, 0, 0, 1)),
for n = 5: ((0, 0, 1, 1, 0), (0, 1, 1, 0, 0), (1, 1, 0, 0, 1), (1, 0, 0, 1, 1)),
for n = 6: ((0, 1, 1, 0, 0, 1), (1, 1, 0, 0, 1, 1), (1, 0, 0, 1, 1, 0), (0, 0, 1, 1, 0, 0)),
for n = 7: ((0, 0, 1, 1, 0, 0, 1, ), (0, 1, 1, 0, 0, 1, 1), (1, 1, 0, 0, 1, 1, 0), (1, 0, 0, 1, 1, 0, 0)).
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